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ABSTRACT
In this paper we investigate the relationship between the so-called fermionic T-duality and
the Morita equivalence of noncommutative supertori. We first get an action satisfying the
BRST invariance under nonvanishing constant R-R and NS-NS backgrounds in the hybrid
formalism. We investigate the effect of bosonic T-duality transformation together with
fermionic T-duality transformation in this background and look for the resultant symmetry
of transformations. We find that the duality transformations correspond to Morita equiva-
lence of noncommutative supertori. In particular, we obtain the symmetry group SO(2, 2,V0
Z
)
in two dimensions, where V0
Z
denotes Grassmann even number whose body part belongs to Z.
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1 Introduction
One typical symmetry of string theory is T-duality. It originates from the symmetry of string
worldsheet action under a shift of string coordinate and relates string theories on generically
different target space-time backgrounds. At the level of string spectrum, T-duality exchanges
the momentum and the winding mode. Recently, besides this usual T-duality which is now
referred as the bosonic T-duality, a different kind of T-duality has been proposed in the
process of understanding the dual superconformal symmetry displayed by planar scattering
amplitudes of super Yang-Mills theory from the viewpoint of superstring theory [1, 2]. Its
origin is the symmetry of tree level superstring theory under a shift of fermionic coordinate
rather than bosonic one, and thus it is dubbed fermionic T-duality. Similar to the bosonic T-
duality, the fermionic T-duality maps superstring theory on one supersymmetric background
to that on another supersymmetric background.
As a new kind of duality, one may be curious about the fermionic T-duality itself. Indeed,
there have been works exploring properties and various aspects of the fermionic T-duality as
follows. It has been shown that some basic symmetry structures of pure spinor string theory
are preserved under the fermionic T-duality transformation up to one-loop level [3]. The
self-duality of the supercoset sigma model description of superstring has been investigated
in [4]. In the context of supergravity, the problem of complexification of supergravity fields
after the fermionic T-duality has been considered in [5]. Supersymmetric generalization of
duality, superduality, which may connect to the fermionic T-duality has been also given [6].
As alluded to above, the fermionic T-duality is quite similar to the bosonic one from
the worldsheet viewpoint. Actually, this is also the case in the canonical formulation of
the fermionic T-duality [7], where the duality transformation is formally represented as the
exchange of momentum and winding. If we now recall the well established fact that the
bosonic T-duality is related to the Morita equivalence of noncommutative tori [8, 9], such
similarity opens up the possiblity of uncovering the mathematical structure of the fermionic
T-duality via Morita equivalence. We note that in the bosonic noncommutative torus case
the metric is flat and the background NS-NS B-field is constant. Incidentally, the NS-NS
B-field is related with noncommutativity of space and with the T-duality [10, 11], while
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the graviphoton flux is related with nonanticommutativity of space [12, 13] and with the
fermionic T-duality [1]. In this paper, we will investigate underlying mathematical structure
of the fermionic T-duality with a flat metric, a constant B-field, and a constant self-dual
graviphoton flux.
Now, let us give a brief historical description of the bosonic T-duality in connection
with noncommutativity. Connes, Douglas, and Schwarz [10] first showed that two dimen-
sional noncommutative tori can emerge from toroidal compactifications of M(atrix) theory
with nonvanishing NS-NS field backgrounds. Then, Rieffel and Schwarz [8] showed that the
actions of the group SO(n, n,Z) on an antisymmetric n×n matrix which represents noncom-
mutativity parameters for an n-dimensional noncommutative torus yield Morita equivalent
tori. A subsequent work by Schwarz [9] showed that compactifications on Morita equivalent
tori are physically equivalent, corresponding to T-duality in string theory. This bosonic T-
duality usually connects different NS-NS field backgrounds. However note that, as was shown
in the Green-Schwarz formalism [14] as well as in the pure spinor formalism [15], even the
bosonic T-duality transformations can connect different R-R field backgrounds.1 Therefore
a decisive factor for the bosonic or fermionic T-duality is not the background fields but the
symmetry transformations via which dual theories are connected: in the bosonic T-duality
case, it is a shift symmetry along bosonic coordinates, and in the fermionic T-duality case,
it is a shift symmetry along fermionic coordinates.
Since the bosonic T-duality is related with the Morita equivalence of noncommutative
tori representing different NS-NS backgrounds, we wonder whether the fermionic T-duality
relating different R-R field backgrounds [1] is related with the Morita equivalence of non-
commutative supertori [16]. For this purpose, we investigate the fermionic T-duality trans-
formations under the presence of both R-R and NS-NS background fields. Then we compare
the obtained symmetry of the above T-duality transformations with the symmetry between
noncommutatve supertori [17] related by Morita equivalence. In a flat geometry with a
constant B-field, and a constant self-dual graviphoton flux, we show that the fermionic T-
duality corresponds to the Morita equivalence of noncommutative supertori in two and four
1We would like to note that the bosonic T-duality changes the form degree of the R-R fields in the usual
case while the fermionic T-duality shifts the value of the R-R fields.
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dimensions.
This paper is organized as follows. In section 2, we investigate the fermionic T-duality
transformations in the presence of NS-NS and R-R background fields. In section 3, we look
into the relationship between this duality symmetry and the Morita equivalence of noncom-
mutative supertori. We conclude with discussion in section 4.
2 Bosonic and Fermionic T-duality in NS-NS and R-R
Backgrounds
We start with type II superstring compactified on Calabi-Yau three-fold, where the back-
ground of the constant NS-NS B-field Bµν and the constant self-dual graviphoton field
strength F αβ are turned on in four-dimensional spacetime. We consider the case such that
the closed string metric gµν and the dilaton φ are also constant. Then we neglect the dila-
ton coupling ∼
∫
d2zφR(2). The worldsheet action can be explicitly written down using the
hybrid formalism [18] (or pure spinor formalism in four dimensions [19]) as
S =
1
2πα′
∫
d2z
[
1
2
(gµν + 2πα
′Bµν)∂X
µ∂˜Xν
+ pα∂˜θ
α + p¯α˙∂˜θ¯
α˙ + p˜α∂θ˜
α + ˜¯pα˙∂
˜¯θα˙ + 2πα′F αβqαq˜β
]
+ SC , (1)
where µ = 0, . . . , 3 and α, α˙ = 1, 2. p denotes the conjugate momentum of fermionic co-
ordinate θ. We use the tilde to express the worldsheet chirality, while the bar is used to
express the chirality in four dimensions. SC consists of the action for the chiral bosons [18]
(or the action for the pure spinor in the pure spinor formalism [19]) and the action for the
compactified direction. qα, q˜α are the chiral supercharges as worldsheet variables, defined by
qα = −pα − iσ
µ
αα˙θ¯
α˙∂Xµ +
1
2
θ¯θ¯∂θα −
3
2
∂(θαθ¯θ¯),
q˜α = −p˜α − iσ
µ
αα˙
˜¯θα˙∂˜Xµ +
1
2
˜¯θ ˜¯θ∂˜θ˜α −
3
2
∂˜(θ˜α
˜¯θ ˜¯θ). (2)
Note that in the case of Bµν = 0, the action (1) is reduced to the one discussed in [20, 12, 13].
We introduce the chiral coordinate Y µ as
Y µ = Xµ + iθασµαα˙θ¯
α˙ + iθ˜ασµαα˙
˜¯θα˙. (3)
4
The worldsheet action (1) can be rewritten in terms of Y µ as
S =
1
2πα′
∫
d2z
[
1
2
(gµν + 2πα
′Bµν)∂Y
µ∂˜Y ν
− qα∂˜θ
α + d¯α˙∂˜θ¯
α˙ − q˜α∂θ˜
α + ˜¯dα˙∂
˜¯θα˙ + 2πα′F αβqαq˜β
]
+ (surface term), (4)
where d¯α˙,
˜¯dα˙ are the anti-chiral supercovariant derivatives as worldsheet variables, defined
by
d¯α˙ = p¯α˙ − iθ
ασµαα˙∂Xµ − θθ∂θ¯α˙ +
1
2
θ¯α˙∂(θθ),
˜¯dα˙ = ˜¯pα˙ − iθ˜
ασµαα˙∂˜Xµ − θ˜θ˜∂
˜¯θα˙ +
1
2
˜¯θα˙∂˜(θ˜θ˜). (5)
In the action (4), qα, q˜α and d¯α˙,
˜¯dα˙ are regarded as the conjugate momenta of θ’s and are
independent of Y µ. Then the action is now quadratic in terms of these variables and there is
no backreaction. This consistency can be also explained if we assume that the graviphoton
field strength F αβ comes from the R-R five-form field strength in ten-dimensional type IIB
superstring. This assumption is consistent with the fact that supersymmetric Yang-Mills
theory on non(anti)commutative N = 1 superspace, in which non(anti)commutativity is
induced by F αβ, is reproduced by the coupling between D-branes and the R-R five-form field
strength [21]. This coupling can be determined through the calculation of the worldsheet disk
amplitudes. Under the assumption, it is shown that the backgrounds satisfy the equation of
motion. On the other hand, other R-R backgrounds induce the different kind of deformation,
such as Ω-background deformation from R-R three-form field strength [22].
We consider the bosonic and fermionic T-duality on this system. Here we restrict our-
selves to the case that the worldsheet does not have any nontrivial cycle because the fermionic
T-duality may not be a symmetry for the worldsheet with nonzero genus as discussed in [1].
Since in the worldsheet action (4) the bosonic part (first line) and the fermionic part (second
line) are decoupled, we can apply the Buscher procedure [23] to two parts separately. For
bosonic part, we decompose Y µ = (Yˆ i, Yˇ l) and we apply the duality transformation to Yˆ i.
We also decompose the NS-NS background Eµν =
1
2πα′
gµν +Bµν as
Eµν =
(
Ea Eb
Ec Ed
)
. (6)
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Since Eµν is constant, we have a shift isometry Yˆ
i → Yˆ i + yi. We rewrite the bosonic part
of the worldsheet action (4) by introducing the gauge fields A and A˜ with the constraint
∂˜A− ∂A˜ = 0:
SB =
1
2
∫
d2z
[
AtEaA˜+ A
tEb∂˜Yˇ + ∂Yˇ
tEcA˜+ ∂Yˇ
tEd∂˜Yˇ + Yˆ
′t
(
∂˜A− ∂A˜
)]
. (7)
By integrating out Yˆ ′, we have A = ∂Yˆ and A˜ = ∂˜Yˆ for some Yˆ and the above action comes
back to the original form. Instead, by reshuffling the terms, one can show that
SB =
1
2
∫
d2z
[(
At + (∂Yˇ Ec + ∂Y
′t)E−1a
)
Ea
(
A˜+ E−1a (Eb∂˜Yˇ − ∂˜Y
′)
)
+ ∂Yˆ ′tE−1a ∂˜Yˆ
′ − ∂Yˆ ′tE−1a Eb∂˜Yˇ + ∂Yˇ
tEcE
−1
a ∂˜Yˆ
′ + ∂Yˇ t(Ed − EcE
−1
a Eb)∂˜Yˇ
]
, (8)
where the first line in (8) is integrated out and it generates the shift of dilaton φ as φ →
φ− 1
2
log detEa. Then the dilaton is again constant. From the second line one can read off
the transformation of Eµν as
Eµν → E
′
µν =
(
E−1a −E
−1
a Eb
EcE
−1
a Ed − EcE
−1
a Eb
)
. (9)
Note that the T-duality transformation which we examined above is slightly different from
the conventional one since we take the transformation for the chiral coordinate Y µ, while we
usually consider the transformation for Xµ. The transformation of Eµν is the same as the
conventional one but F αβ is unchanged2 in our case because of the decoupling between the
bosonic part and the fermionic part in the action (4).
For fermionic part, we apply the fermionic T-duality transformation given in [1]. Al-
though we have the graviphoton background F αβ, it turns out that one can perform the
transformation in the same way as in [1] because the term containing F αβ depends only on
qα and q˜α. Since the action (4) does not contain the square of the derivative, we add the
following surface term to the action (4)
Sb =
1
(2πα′)2
∫
d2z(f−1)αβ
(
∂θα∂˜θ˜β − ∂˜θα∂θ˜β
)
, (10)
2 In conventional T-duality in terms of Xµ, the rank of R-R fields is changed due to the flipping of the
spinor chirality.
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where fαβ = fβα is constant. Since the background preserves chiral supersymmetry which
can be regarded as a shift isometry in the fermionic direction θα → θα + ρα, θ˜α → θ˜α + ρ˜α,
then one can dualize θα and θ˜α by introducing the fermionic gauge fields (Aα, A˜α) and
(Aˆα, ˆ˜Aα) with the constraints ∂˜Aα − ∂A˜α = ∂˜Aˆα − ∂ ˆ˜Aα = 0 as
SF =
1
2πα′
∫
d2z
[
−qαA˜
α − q˜αAˆ
α + (2πα′)−1(f−1)αβ
(
Aα ˜ˆAβ − A˜αAˆβ) + 2πα′F αβqαq˜β
+ χα(∂˜A
α − ∂A˜α) + χˆα(∂˜Aˆ
α − ∂ ˆ˜Aα) + d¯α˙∂˜θ¯
α˙ + ˜¯dα˙∂
˜¯θα˙
]
, (11)
where χα and χˆα are the fermionic Lagrange multipliers for the above constraints. By
integrating out the fermionic gauge fields, the action (11) becomes
SF =
1
2πα′
∫
d2z
[
−2πα′fαβ
(
∂χˆα∂˜χβ − ∂˜χˆα∂χβ
)
+ 2πα′q˜αf
αβ∂χβ + 2πα
′qαf
αβ∂˜χˆβ
+ 2πα′(F αβ + fαβ)qαq˜β + d¯α˙∂˜θ¯
α˙ + ˜¯dα˙∂
˜¯θα˙
]
. (12)
The first term is the surface term and we drop it out. The dual fermionic coordinates are
identified as
θ′α = −2πα′fαβχβ, θ˜
′α = −2πα′fαβχˆβ. (13)
F αβ is just shifted by the constant fαβ as
F αβ → F ′αβ = F αβ + fαβ. (14)
We also have the constant shift of the dilaton from the integration of the fermionic gauge
fields.
In the next section, we will show that the bosonic and fermionic T-duality transformations
(9), (14) and other symmetries are combined into the supersymmetric version of Morita
equivalence. In the case of F αβ = 0, when we put the D-branes filling the four-dimensional
spacetime, the backgrounds Bµν induces noncommutativity on the D-branes [24, 11]. Under
the limit
gµν ∼ (α
′)2, Bµν : finite for α
′ → 0, (15)
the non(anti)commutativity among the coordinates are
[Xµ, Xν ] = Θµν or [Y µ, Y ν ] = Θµν . (16)
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Here the noncommutativity parameters Θµν (Θt = −Θ) and the open string metric Gµν are
respectively obtained as [24, 11]
Θµν = (B−1)µν , Gµν = −(2πα
′)2(Bg−1B)µν . (17)
Then the duality transformations of the parameters Θµν can be obtained from (9) as
Θµν =
(
Θa Θb
Θc Θd
)
→ Θ′µν =
(
Θ−1a −Θ
−1
a Θb
ΘcΘ
−1
a Θd −ΘcΘ
−1
a Θb
)
(18)
The above and other symmetries are combined into SO(n, n,Z) group which gives the Morita
equivalence of noncommutative tori [8, 9].
When F αβ is also turned on, the fermionic coordinates become nonanticommutative
[20, 12, 13] as
[Y µ, Y ν ] = Θµν . {θα, θβ} = Cαβ, (others) = 0, (19)
where the nonanticommutativity parameter Cαβ is defined by
Cαβ = (2πα′)2F αβ. (20)
Then if we assume that we can apply the result of the duality transformation (14), Cαβ
transforms as
Cαβ → C ′αβ = Cαβ + cαβ , (21)
where cαβ = (2πα′)2fαβ. Here we note that under the fermionic T-duality transformation
adding surface term (10) and removing the first term from (12) change the boundary condi-
tion of the D-branes (see appendix). However, if we start from the full ten-dimensional pure
spinor formalism, we do not need to add or remove the surface term since the square of the
derivative of θ is already present, and thus the problem with the boundary condition does
not occur. It turns out that in this case the R-R background is shifted by the square of the
constant Killing spinor3 [1]. So we use the transformation rule (21) even under the presence
of the D-branes.
3In our case, the Killing spinor is constant in ten-dimensional pure spinor formalism. Then the shift is
also constant.
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3 Relation to Morita Equivalence
Before considering the relationship between the fermionic T-duality and Morita equivalence,
we first briefly review the Morita equivalence of noncommutative supertori [16]. An n-
dimensional noncommutative torus(Anθ ) is an associative algebra with involution having uni-
tary generators U1, . . . , Un obeying the relations
UiUj = e
2πiθijUjUi, i, j = 1, . . . , n, (22)
where the noncommutativity parameters θij form a real n× n anti-symmetric matrix Θ.
The endomorphism algebra of the module of noncommutative torus is Morita equivalent
to the given noncommutative torus. When Ui’s belong to the given noncommutative torus
and Zi’s belong to its endomorphism algebra, then Zi’s commute with the Ui’s, i.e.,
UiZj = ZjUi where ZiZj = e
2πiθ′ijZjZi, i, j = 1, . . . , n. (23)
Let D be a lattice in G = M × Mˆ , where M = Rp × Zq with 2p + q = n and Mˆ is its dual.
The embedding map Φ under which D is the image of Zn determines a projective module
E on which the algebra of noncommutative torus acts. In the Heisenberg representation the
operators Ui can be defined by
U(m,sˆ)f(r) = e
2πi<r,sˆ>f(r +m), m, r ∈M, sˆ ∈ Mˆ, f ∈ E, (24)
where we denoted Ui := U~ei with ~ei := (m, sˆ), and < r, sˆ > is usual inner product between
M and Mˆ . In this representation, we get
U(m,sˆ)U(n,tˆ) = e
2πi(<m,tˆ>−<n,sˆ>)U(n,tˆ)U(m,sˆ). (25)
Denoting the basis as ~ei := (m, sˆ), ~ej := (n, tˆ) and the embedding map as Φ = (~e1, ~e2, · · · , ~en),
then θij can be expressed as
4
θij = ~ei · J0~ej where J0 =
(
0 Ip
−Ip 0
)
, (26)
4Here we assume n is even and n = 2p.
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and thus [16, 17]
Θ = ΦtJ0Φ. (27)
Therefore one can see that the condition for Morita equivalent dual torus (23) can be written
as [8, 16]
ΦtJ0Φ
′ = K, (28)
where Φ is the embedding map of a given torus and Φ′ is the embedding map of the dual
torus, and K is an n× n matrix whose elements belong to Z.
In the supersymmetric case, one can put the relation (28) into the following form [16]:
Φ˜tJ˜0Φ˜
′ = BtJ0B
′ + F tJˆ0F
′ = K˜, where Jˆ0 =
(
0 Ir
Ir 0
)
. (29)
Here Φ˜ :=
(
B
F
)
and Φ˜′ :=
(
B′
F ′
)
are the embedding maps of the given supertorus and the
dual supertorus respectively, the elements of the matrix K˜ belong to Z, and r depends on
the number of supersymmetry generators [17]. The entries of B,B′ and F, F ′ belong to V0
and V1 respectively, which are the even and odd parts of a Grassmann algebra V over C.
In the supersymmetric case, we denote the noncommutativity parameter matrix as Θ˜ whose
elements belong to V0:
Θ˜ = Φ˜tJ˜0Φ˜ = B
tJ0B + F
tJˆ0F. (30)
Note that under the change of basis, the matrix K˜ in the duality condition (29) can be any
element in GL(n,Z).5 Below we will denote the body and soul parts of Θ˜ as BtJ0B := ΘB
and F tJˆ0F := ΘF .
From the condition (29) we can express the bosonic part of the dual embedding map as
B′ = −J0B
−t(K˜ − F tJˆ0F
′). (31)
Using the relations (30) and (31), we can express the noncommutativity parameter matrix
Θ˜′ of the dual supertorus as
Θ˜′ = −(K˜ − F tJˆ0F
′)t(BtJ0B)
−1(K˜ − F tJˆ0F
′) + F
′tJˆ0F
′, (32)
5Φ and Φ′ in Eq. (28) can be regarded as different sets of basis vectors which yield commuting generators
Ui’s and Zi’s. Thus the inner product between the two bases which have the same rank should be nonsingular.
Therefore together with the condition for a dual torus, K should be a nonsingular n×n integer matrix. The
same holds for Φ˜ and Φ˜′ with K˜.
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where we used J−10 = −J0. This shows that the duality condition (29) does not restrict
the soul part F ′ of the dual map Φ˜′ in the defining relation (32) for the noncommutativity
parameters Θ˜′ of the dual torus. Therefore, as it was stressed in [16], when two Θ˜’s have
the same body parts and only differ over the soul parts, then the two corresponding tori are
Morita equivalent.
At this point, we want to consider the result obtained by the T-dual transformations in the
previous section. There the noncommutativity parameters were given by (16). In the present
notation Θµν , Cαβ together give Θ˜ = Θ⊕C. Namely, Θ in the previous section corresponds
to ΘB here, and C corresponds to ΘF . If we only consider the T-dual transformation of
Yˆ i coordinates in the previous section, then we end up with Θ → Θ−1 as it was shown
in (18). This agrees with (32), which is what we get when both F and F ′ vanish, up
to an allowed GL(n,Z) transformation of K˜ as we mentioned above. For the fermionic
part, C changes by a shift in (21), which agrees with our above statement that the two
tori with the same body parts are Morita equivalent.6 Therefore the T-dual, both bosonic
and fermionic, transformations correspond to the Morita equivalence of noncommutative
supertori represented by Θ’s and C’s.
In order to analyze the symmetry structure of the above Morita equivalence we first con-
sider the following linear fractional transformation, an action of an element of SO(n, n,V0
Z
)
where V0
Z
denotes Grassmann even number whose body part belongs to Z.
gΘ˜ := (AΘ˜ +B)(CΘ˜ +D)−1 with g =
(
A B
C D
)
∈ SO(n, n,V0
Z
). (33)
Now we consider a case when g becomes σn =
(
0 In
In 0
)
with n denoting the dimension of
a torus:
σnΘ˜ = Θ˜
−1 = (ΘB +ΘF )
−1 = Θ˜−1b
∞∑
m=0
(−Θ˜sΘ˜
−1
b )
m (34)
where Θ˜b and Θ˜s are the body and soul parts of Θ˜, respectively. In order to understand this
relation we now express Θ˜′ directly using the dual embedding map Φ˜′. From the relation
6 This conforms with the result in section 2, Eq.(14), that Fαβ can be shifted by an arbitrary constant
fαβ. Such shift does not affect the physics at the string tree-level [1].
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(29) we have
Φ˜′ = (Φ˜tJ˜0)
−1K˜, (35)
and thus
Θ˜′ = Φ˜
′tJ˜0Φ˜
′
= K˜t(Φ˜tJ˜ t0Φ˜)
−1K˜. (36)
Since
J˜ t0 =
(
J0 0
0 Jˆ0
)t
=
(
−J0 0
0 Jˆ0
)
,
we can write Φ˜tJ˜ t0Φ˜ = −ΘB +ΘF . Therefore (36) can be written as
Θ˜′ = K˜t(−ΘB +ΘF )
−1K˜
= −K˜tΘ̂−1b
∞∑
m=0
(Θ̂sΘ̂
−1
b )
mK˜, (37)
where Θ̂b is the body part of ΘB and Θ̂s is the soul part of −ΘB +ΘF . Note that the body
part of ΘB and that of Θ˜ are the same. Since Θ̂
−1
b in (37) and Θ˜
−1
b in (34) are the same,
Θ˜−1 is just differ from Θ˜′ in the soul part up to the action of K˜ ∈ GL(n,Z). This shows
that σn generates a Morita equivalent torus.
In general, one can apply the bosonic T-dual transformations partially such as to the
coordinates Yˆ i, 1 ≤ i ≤ 2p with 2p < n as in (6). We assume now n = 2p + q. Then the
noncommutativity parameters Θ is given and transformed by (18), where Θa is 2p× 2p and
Θd is q × q. In this case, we consider σ2p ∈ SO(n, n,V0Z) given by
σ2p =

0 0 I2p 0
0 Iq 0 0
I2p 0 0 0
0 0 0 Iq
 .
One can easily check that the action of σ2p defined by (33) yields Θ
′ in (18); σ2pΘ = Θ
′. Still
we have to show that this transformed Θ′ corresponds to a Morita equivalent torus. As it
was shown in [8] (see also [16]), this transformed Θ′ can be obtained from a dual embedding
12
map Φ′ satisfying (28);
Φ′ =
J0(T
t
a)
−1 −J0(T ta)
−1T tb
0 Iq
0 T tc
 , (38)
where J0 is the 2p× 2p matrix defined before, and Ta is 2p× 2p, Tb is q× 2p, Tc is q× q such
that T taJ0Ta := −Θa, Tb := Θ
t
b, and Θd := T
t
c −Tc. Namely one can check that (Φ
′)tJΦ′ = Θ′
where
J =
(J0)2p 0 00 0 Iq
0 −Iq 0
 ,
and ΦtJΦ = −Θ when the original embedding map Φ is given by
Φ =
Ta 00 Iq
Tb Tc
 . (39)
Therefore Θ′ = σ2pΘ and Θ are Morita equivalent. Since the noncommutativity parameters
with the same body parts yield Morita equivalent tori, we can say that the general T-dual
transformations given by (18) and (21) yield Morita equivalent noncommutative supertori.
The fact that the same body parts up to elements in V0 yield equivalent tori dictates us
another symmetry action of the following element of SO(n, n,V0
Z
)
ν(N˜) =
(
In N˜
0 In
)
,
where N˜ is an antisymmetric n × n matrix whose entries are in V0
Z
. The action of ν(N˜) is
given by
ν(N˜)Θ˜ = Θ˜ + N˜. (40)
Finally, we consider the “rotation” ρ(R˜) ∈ SO(n, n,V0
Z
) given by
ρ(R˜) =
(
R˜t 0
0 R˜−1
)
,
where R˜ ∈ GL(n,V0
Z
). It was shown in [16] that the action of the above element to a basis
{ ~Ei} (i = 1, 2, · · · , n) for a given torus with Θ˜ yields an isomorphic torus with Θ˜′ = R˜Θ˜R˜t.
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Thus we have shown that the three elements of SO(n, n,V0
Z
), which are σn (or σ2p with
2p ≤ n), ρ(R˜), and ν(N˜), yield Morita equivalent noncommutative n-supertori. Therefore,
the bosonic and fermionic T-duality transformations that we considered in section 2 corre-
spond to the Morita equivalence of noncommutative supertori related by the above symmetry
transformations. In the n = 2 case, the above three elements generate the group SO(2, 2,V0
Z
).
4 Conclusion
In this paper, we show that under the bosonic and fermionic T-duality transformations the
relation between the corresponding dual background fields can be dictated by the Morita
equivalence of noncommutative supertori that can be constructed with the dual background
fields. Especially, when we restrict ourselves to the duality transformations along two coordi-
nate directions only, then we obtain the symmetry group SO(2, 2,V0
Z
) which is the symmetry
group of the Morita equivalence of noncommutative supertori in two dimensions. However
the problem of the boundary condition for D-branes still remains. We have used the hybrid
formalism in four dimensions since it is easier to analyze than the full ten-dimensional pure
spinor formalism. The above problem does not appear in the ten-dimensional formalism.
We have discussed the extended T-duality in tree level, i.e. in the worldsheet without
genus. In the case of bosonic T-duality, it is the exact symmetry for all order of the genus
expansion when the dualizing coordinate X i is compact. The holonomy of the auxiliary
gauge field
∫
C
Aidz + A¯idz¯ gives the winding number, where C is the nontrivial cycle on
the worldsheet. For fermionic T-duality, in order to extend it to all genus, one needs the
non-periodic fermionic variable satisfying θ → θ + ξC when θ goes around the cycle C as
discussed in [1].
If the superstring background becomes nonconstant, then the symmetry structure of the
bosonic and the fermionic T-duality might be different from what we have considered in this
paper. It would be interesting to extend to a more general case with extended symmetry
of T-duality as mentioned or the supergroup duality considered in [6]. A supersymmetric
extension of non-abelian T-duality [25] which is recently extended to R-R background [26]
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would be also interesting.
Appendix: Boundary Condition for D-branes
In this appendix, we discuss the boundary condition of the worldsheet action (4) when
spacetime-filling D-branes are present. In particular we examine how the surface term (10)
changes the boundary condition. Since the surface term (10) consists of the fermionic fields
only, we focus on the boundary condition of the fermionic fields7. The relevant part of the
action is
1
2πα′
∫
d2z
(
−qα∂˜θ
α − q˜α∂θ˜
α + 2πα′F αβqαq˜β
)
. (41)
As it is studied in [20, 12, 13], the fields qα and q˜α can be integrated out using their equation
of motion
∂˜θα = 2πα′F αβ q˜β, ∂θ˜
α = −2πα′F αβqβ, (42)
which leads to the following action
Seff =
1
(2πα′)2
∫
d2z (F−1)αβ∂θ˜
α∂˜θβ . (43)
The equation of motion for θα and θ˜α becomes ∂∂˜θα = ∂∂˜θ˜α = 0. Then the solution of θα
and θ˜α are written as the sum of the holomorphic part and the anti-holomorphic part as
θα(z, z˜) = θαL(z) + θ
α
R(z˜), θ˜
α(z, z˜) = θ˜αL(z) + θ˜
α
R(z˜). (44)
When we consider the case of open string attached on the D-brane, the surface term in
the equation of motion is
(F−1)αβ
(
∂˜θαδθ˜β + ∂θ˜αδθβ
)∣∣∣
z=z˜
= 0. (45)
The above is satisfied by choosing the boundary condition as
θα(z = z˜) = θ˜α(z = z˜), ∂˜θα(z = z˜) = −∂θ˜α(z = z˜), (46)
7 The boundary condition for bosonic fields is the same as the case of usual noncommutativity [11] except
that Xµ is replaced by Y µ.
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where the second condition comes from qα(z = z˜) = q˜α(z = z˜) to preserve the half of
supersymmetry. Under the boundary condition (46), the two point correlators are given in
[20, 12, 13]. Here we focus the one of them as
〈θαL(z)θ˜
β
R(w˜)〉 = −
(2πα′)2F αβ
πi
log(z − w˜). (47)
The contribution to the boundary condition from the surface term (10) is
δSb =
1
(2πα′)2
∫
dx (f−1)αβ
(
∂θ˜αδθβ + ∂˜θαδθ˜β + ∂θαδθ˜β + ∂˜θ˜αδθβ
)∣∣∣
z=z˜=x
. (48)
The first and second terms have the same form with (45) and then cancel each other because
of the boundary condition (46). So if we can have
∂θα(z = z˜) = −∂˜θ˜α(z = z˜), (49)
then the third and fourth terms also cancel each other, the surface term (10) does not change
the boundary condition (46). On the other hand if (49) holds, two point correlator (47) must
vanish. This leads to contradiction. However, as we mentioned in section 2, if we start from
the full ten-dimensional pure spinor formalism, we do not need to add or remove the surface
term since the square of the derivative of the fermionic coordinate θ is already present, and
thus the problem with the boundary condition disappears.
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